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Abstract. By combining the formalism of [8] with a discrete approach close to the 
considerations of [6], we interpret and solve the rough partial differential equation 
dyt — Ayt dt + X)"=i fi(Vt) dx\ (t £ [0, T]) on a compact domain O of R™, where A is 
a rather general elliptic operator of L p (0) (p > 1), fi(<p)(£) ■— fi(<p(£)) and x is the 
generator of a 2-rough path. The (global) existence, uniqueness and continuity of a 
solution is established under classical regularity assumptions for /j. Some identification 
procedures are also provided in order to justify our interpretation of the problem. 



1. Introduction 

The rough paths theory introduced by Lyons in [15] and then refined by several 
authors (see the recent monograph [11] and the references therein) has led to a very 
deep understanding of the standard rough systems 

dy\ = <7ij(.Vt) <H > Vo = a e R d , (1) 
j=i 

where : R — > R is a regular vector field and a; is a so-called rough path, that is to 
say a process allowing the construction of iterated integrals (see Assumption (X) 7 for 
the definition of a 2-rough path and [16J for a rough path of any order). The theory 
provides for instance a new pathwise interpretation of stochastic systems driven by very 
general Gaussian processes, as well as fruitful and highly non-trivial continuity results 
for the Ito solution of (CQ), ie when x is a standard Brownian motion. 

One of the new challenges of rough paths theory now consists in adapting the machin- 
ery to infinite-dimensional (rough) equations involving a non-bounded operator, with, 
as a final objective, the possibility of new pathwise interpretations for stochastic PDEs. 
Some progresses have recently been made towards this goal, with on the one hand the 
viscosity-solution approach due to Friz et al (see [21 El [TUl E]) and on the other the de- 
velopment by Gubinelli and Tindel of a specific formalism designed for rough evolution 
equations (see [T3J [8] ) . 

The present paper is a contribution to this global project. It aims at providing, in 
a concise and self-contained formulation, the analysis of the following rough evolution 
equation: 

in 

y = ^eLP(O) , dy t = Ay t dt + J2fi(yt)dxi , t e [0,T], (2) 

i=i 
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where A is a rather general elliptic operator on a bounded domain O of R n (see Assump- 
tions (A1)-(A2)), fi{<p){£) '■= fi(f(0) an d x generates a m-dimensional 2-rough path 
(see Assumption (X) 7 ). Although the global form of (J2]) is quite similar to the equation 
treated in [8], several differences and notable improvements easily justify the interest of 
the study we suggest here, as the three main theorems 12 . 1 0lf27T2l will point it out: 

(i) The equation is here analysed on a compact domain O of R n . This allows to simplify 
the conditions relative to the vector field fa, which reduce to the classical assumptions 
of rough paths theory, ie fc-times differentiable (k £ N*) with bounded derivatives (see 
Assumption (F)&). 

(ii) The conditions on p are less stringent than in jH], where p has to be taken very large. 
It will here be possible to show the existence and uniqueness of a solution in L p (0) 
(for a regular enough initial condition if)) as soon as p > n. In particular, we can go 
back to the Hilbert framework of [13] for the one-dimensional equation (n = l,p = 2). 

(iii) Last but not least, the arguments we are about to use lead to the existence of a global 
solution for (J2J), defined on any time interval [0, T]. We recall that only a local solution 
is obtained in (8j, on a time interval that depends on the data of the problem, namely 

x, f and if). 

To reach those three improvements, the strategy will combine elements of the for- 
malism used in [8] with a discrete approach of the equation, close to the machinery 
developped in [6] for rough standard systems. A first step consists of course in providing 
a reasonable interpretation of Equation fl2]): for sake of conciseness, we have chosen to 
work with an interpretation a la Davie, based on the expansion of the regular solution 
(see Definition 12. 6j) , and we have left aside the sewing map at the core of the construc- 
tions in [8] . Note however that the expansion at stake leans here on the operator- valued 
processes X x ' 1 , X ax ' 1 , X xx,l i already identified in the latter reference (see Subsection I2.3p . 
and which, in some sense, plays the role of an infinite-dimensional rough path adapted 
to the problem. We will let the reader observe (see Subsection 12. 4p that when applying 
the procedure to a regular driving process x (resp. a standard Brownian motion a), 
the solution we retrieve coincides with the classical solution (resp. the Ito solution). 
Together with the continuity statement of Theorem I2.12[ this identification procedure 
allows to justify the meaning that will be given to Equation fl2]) (see Corollary 12.131 and 
Remark EH]). 

Once endowed with an interpretation of the equation, the solving method is based on 
a discrete approach of the problem: as in [6], the solution is obtained as the limit of a 
discrete scheme the mesh of which tends to 0. Nevertheless, some fundamental differences 
arise when trying to mimic the strategy of [6] . To begin with, the middle-point argument 
at the root of the reasoning in the diffusion case (see the proof of [HI Lemma 2.4]) cannot 
take into account the regularization procedures that make up for the classical interplays 
between time and space regularities in PDEs. Therefore, the argument must be replaced 
with a little bit more complex algorithm described in Appendix A, and which will be 
used to all through the paper. Let us also mention the fact that the expansion of the 
vector field fi(f)(C) '■= /i(v(0) * s n °t as eas Y to control as in the standard finite- 
dimensional case, even if one assumes that the functions fi : R — > R are very regular. 
Observe for instance that if W a,p (a G (0, 1)) stands for the fractional Sobolev space 
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likely to accomodate the solution process, and if is assumed to be smooth, bounded 
with bounded derivative, then one can only rely on the non-uniform estimate (see [21] ) 

H/iC^llwo* < ||/IU»(R) + ll/ilU-(R)IMk^ for any <p G W a ' p . 

Consequently, more subtle patching arguments must be put forward so as to exhibit a 
global solution. This requires in particular a careful examination of the dependence of 
each estimate with respect to the initial condition (see for instance the controls f[3"3"j) and 
(|34p ). It is worth noticing here that the high regularity of the initial condition (see the 
assumption in Theorem 12.101 ip G ^y,p with 7 + 7' > 1) will play a fundamental role in 
our approach: it will be resorted to in order to get rid of the quadratic terms that poped 
out of the estimates of [8 J , and which turned out to be very problematic when trying to 
extend the solution on any interval. 

The paper is structured as follows: In Section [2], we gather all the elements that allow 
to introduce understand our interpretation of Equation fl2]), and we state the three main 
results of the paper, namely Theorems I2.10H2.121 The three sections that follow are 
dedicated to the proof of each of these results, with the existence theorem first (Section 
[3]) and then the uniqueness (Section 0J and continuity (Section E]) results. Finally, 
Appendix A contains the description and analysis of the algorithm at the root of our 
machinery, while Appendix B is meant to provide the details relative to the identification 
procedure in the Brownian case (see Proposition 12.91) . 

For sake of clarity, we shall only consider Equation ([2]) on the generic interval [0, 1]. 
It is however easy to realize that the whole reasoning remains valid on any (fixed) finite 
interval [0, T]. 

All through the paper, we will denote by C fc,b (IR;IR z ) (k,l G W) the set of IR'-valued 
functions which are £;-times different iable with bounded derivatives. Moreover, following 
the rough paths terminology, we will call regular process any piecewise different iable 
function. 

2. Interpretation of the equation 

We first give some precisions about the setting of our study, as far as the operator A, 
the driving process x and the vector field fa are concerned (Subsection 12.11) . Then we 
introduce a few notations and tools designed for the analysis of the equation (Subsections 
12.21 and 12.31) . and with the help of which we can define and justify our notion of solution 
(Subsection I2.4p . We finally state the three main results associated to this definition 
(Subsection I2.5p . and which will be proved in the next sections. 

2.1. Assumptions. As it was announced in the introduction, we mean to tackle the 
equation dy t = Ay t dt + fi(yt) dx\, t G [0, 1], in L p (0), where O is a bounded domain 
of W 1 , A is an elliptic operator, /j(<^)(£) := /i(v(0) anc ^ £ is a Holder process. More 
precisely, to be in position to interpret and solve this equation, we will be led to assume 
that the following conditions are satisfied: 

Assumption (Al): A generates an analytic semigroup of contraction S on any 
L v {0). Under this hypothesis, we will denote S ts ■= S t - S (s < t), B p := L p (0), B atP : = 
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Dom(Ap), and we endow the latter space with the graph norm ||y?||,B aiP := ||^yj||£p(o). 
We also assume that for any function g G C 1,b (M; R), there exists a constant c 1 such that 



ll^)lk Ap <cJ{l + ||^||B 1/2jP } (3) 
and for any function g G C 2,b (R; R), there exists a constant (? g such that 

HsfoOlk,, < 4(1 + IMlL.J if « e (1/2, 1) and 2«p > n, (4) 
where, in (jHJ) and (jlj), #(<£>) is just understood in the composition sense, ie g(<p)(£) : = 

Assumption (A2): If 2ap > n, then B a , p is a Banach algebra continuously included 
in the space of continuous functions on O. 

Assumption (X) 7 : x allows the construction of a 2-rough path 

(x,x 2 ) GC7([0,l];M m ) x^([0,l];l m ' ra ) 

for some (fixed) coefficient 7 G (1/3,1/2). In other words, we assume that x is a 7- 
Holder process and that there exists a 2-variable process x 2 (also called a Levy area) 
such that for any < s < u <t < 1, 

|x 2 s | < c |t — s| 7 and x 2 s ' u — x 2 ^- 7 — x 2 ; 1 - 7 = (xj — x l u )(x l u —x\). 

We will then denote 

||x|| 7 := A/>; C7([0, 1]; R m )] + AT[x 2 ; C 2 27 ([0, 1] ; R m,m )] , 

where 

A/>;C7([0,l];R m )]:= sup , A^x 2 ; C 2 2 \[0, 1]; R m ' m )] := sup 



0<s<t<l 



t — S 0<S<t<l \t 





x 2 




\t 


— s 


2T 



Assumption (F) fc : / belongs to C fc ' b (R;R m ). 

Before pondering over the plausibility of those conditions, let us precise that we hence- 
forth focus on the mild formulation of Equation (J2J), ie 

y t = SW + / 5 tu d< , t G [0, 1]. (5) 

Jo 

This is a classical change of viewpoint for the study of (stochastic) PDEs (see [5]), 
which allows to resort to the regularizing properties of the semigroup. Note however 
that owing to the regularity assumptions on /, it will be retrospectively possible to 
make a link between the mild and strong interpretations of the equation (see Remark 

[ZED- 

Application: Properties (Al)-(A2) are satisfied by any elliptic operator on L p ((0, l) n ) 
that can be written as 

n 

A=-£%(a ir «%.) + c , V(A p ):=W 2 *((0,ir)nW^((0,in (6) 

i,3=l 
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where c > and the functional coefficients are bounded, differentiable with bounded 
derivatives on [0, l] n . Indeed, under those assumptions, it is proven in [7] that A gen- 
erates an analytic semigroup of contraction. Then, thanks to [18], one can identify the 
domain T>(Ap) with the complex interpolation [L p ,V(A p )] a and use the result of [20] to 



assert that 



\V(A$) 



H.H F 2a, where F^ is the classical Triebel-Lizorkin space described 
The results of [TH] (resp. [21]) finally enables to check Condition 



(for instance) in 
(A2) (resp. the controls (J3) and ©). 

As far as Condition (X) 7 is concerned, the process we have in mind in this paper is the 
fractional Brownian motion B H with Hurst index H > 1/3, for which the (a.s) existence 
of a Levy area has been established in [I]. Note however that Condition (X) 7 is in fact 
satisfied by a larger class of Gaussian processes, as reported in [TT] . 
In brief, under the above-stated regularity assumptions, the results we are about to state 
and prove can be applied to the equation 



dy t 



5> 



9^y t ) + cy t 



i-,r- 



dt 



Y,m)dB^ , fe[0,l], ee(0,i) n 



2.2. Holder spaces. We suppose in this subsection that Assumption (Al) is satisfied. 
In order to introduce the framework well-suited for the analysis of let us only 
point out the following consideration: we know that the most appropriate background 
for the study of rough standard systems is the classical Holder space {y : [0, 1] — > 
M. d : \yt — y s \ < c \t — s| 7 } (see [12]), and this is (among others) due to the convenient 
expression for the variations of the solution y of (pp), namely y t — y s = /* &ij{Vu) dx 3 u . 
Here, if we denote by y the solution of (J5J) (assume for the moment that x is regular), it 
is readily checked that for any s < t, 

Ut-y s = I S tu dx u fi(y u ) + a ts y sj where a ts := S t8 - Id . 

J s 

With this observation in mind, the introduction of the following notations becomes quite 
natural: 

Notations. For all processes y : [0,1] — > B p and z : S2 — > B p , where S2 '■= {{s,t) G 
[0, l] 2 : s < t}, we set, for s < u < t G [0, 1], 

(5y) ts ■= yt-y, , (Sy)ts ■= (8y) u - a ts y s = y t - S ts y s , (7) 

(Sz)tus '■— Zts — Z tu — StuZus- (8) 

With these notations, the (regular) system <^ can be equivalently written as 

Vo = i> , (h)ts = J S tu dx % u fi(y u ). (9) 

To make the introduction of Notations (J7])-(JE]) even more legitimate in this convolutional 
context, we let the reader observe the following elementary properties: 

Proposition 2.1. Let y : [0, 1] — > B p and x : [0, 1] — > R a regular process. Then it holds: 

• Telescopic sum: 5(5y) tU s = and (6y) ts = J27=o Stu +1 (o~y)u +1 u f or an U partition 
{s — to < t\ < . . . < t n — t} of an interval [s, t] of [0, 1] . 

• Chasles relation: if J ts := J* S tu dx u y u , then 5 J = 0. 



6 



A. DEYA 



The treatment of Equation ([9]) via the rough paths method will lean on the controlled 
expansion of the convolutional integral f S tu dx u fi(y u )- In order to express this control 
with the highest accuracy, we must provide ourselves with suitable semi-norms, that 
can be seen as generalizations of the classical Holder norms: thus, if y : [0, 1] — > V, 
z : S2 — > V and h : S3 — » V, where V is any Banach space and S3 := {(s,u,t) G [0, l] 3 : 
s < u < £}, we will denote, for any A > 0, 



Ar[y;C?([a,b];V)}:= sup " , J\f[y;C°([a,b];V)] := sup \\y t \\v, (10) 

a<s<t<b \t — S\ te[a,b] 

Af[z;C*([a,b);V)):= sup , Af[h;C*([a,b];V)} := sup jj^fc (11) 

a<s<t<b \t — S\ a<s<u<t<b \t — S\ 

Then, in a natural way, Ci([a,b];V) stands for the set of processes y : [0, 1] — > V 
such that Af[y; C^([a, b]; V)] < 00, and we define C$([a, b); V) and C£([a, b]; V) along the 
same line. With these notations, observe for instance that if y G C% ([a, &]; £(V, W)) 
and z G ^([a, 6]; V), the process h defined as h tus = yt u z us (s < u < t) belongs to 
C X 3 +l3 ([a,b};W). ' 

When [a, b] = [0,1], we will more simply write C£(V) :— C^([a,b];V). 

2.3. Infinite-dimensional rough path. When x is a regular process, the expansion 
of the convolutional integral /* S tu dx u fi(y u ) puts forward the role played by the three 
following operator-valued processes constructed from x (see the proof of Proposition 
[278]): 

-i rt pt 

St u dx u , / <itudx u , / Stu dx u (8x~ l ) us . 



Of course, when x becomes irregular, these expressions don't make sense anymore. An 
integration by parts argument, retrospectively justified through Lemmas 12.31 and 12.4} 
leads in this situation to the following abstract definitions: 

Definition 2.2. Under Assumptions (Al) and (X) 1 , we define the three processes X x ' 1 , 
X ax,t and X xx '^ by the formulas 

X?f := S ts (5x% - f AS tu (5x% u du, (12) 

J s 

X£* := a ts (5x% s - [ AS tu (5x% u du, (13) 



X;: JJ ■= Suxg* - f AS tu [x™ + (5x% u (5x% s ] du. (14) 

J s 

If in addition Assumption (F)\ is satisfied, we set F{j((p) := fl(<p) ■ fj(f) and associate 
to any process y : [0, 1] — > B p the two quantities 

Jl : (Sy)ts ~ *£7<(V.) - K^FM, (15) 

Kt^ikh-X^f^). (16) 
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Lemma 2.3. Let x a m- dimensional regular process and x 2 its Levy area, understood in 
the classical Lebesgue sense as the iterated integral x 2 /"' := f* dx l u (Sx^) us . Then, under 
Assumption (Al), 

Xts = / St u dx l u , X ts ' = / a tu dx l u , X ts ' J = / S tu dx l u (5x J ) us . (17) 

J s J s J s 

Proof. As aforementioned, this is just a matter of integration by parts. For instance, 
one has 

J Stu dx u (6x^) us = J Stu d u ( x us' J ') 

Stu d u (— (<5x 2, * J ) ins + x t j J — x 4 ^ J ) 

= StsXti 13 - / ^£tu [Xfaf + (Sx l )tu{0~X 3 )us] du. 
J s 

□ 

Observe now that the three expressions contained in ffT7|) can also be directly in- 
terpreted as Ito integrals when x is a standard Brownian motion. This interpretation 
remains consistent with Definition 12.21 

Lemma 2.4. Let x a m- dimensional Brownian motion and x 2 its Levy area, understood 
in the ltd sense as the first iterated integral of x. Then, under Assumption (Al), the 
three identifications of the previous lemma remain valid in this context. 

Proof. The integration by parts argument is just replaced with Ito's formula, after notic- 
ing that we only deal with Wiener integrals. For X xx , we know indeed that for any fixed 
s, the process u >-)■ x 2 ^- 7 = f u dx z v (5x^) vs is a semimartingale and f S tu dx l u (Sx^) us = 
f s S tu d u (x 2 Ji). S S □ 

To end up with this subsection, let us underline the regularity properties that will be 
at our disposal in the sequel: 

Proposition 2.5. Under Assumptions (Al) and (X) 1; one has, for all a 6 (0,1),/? G 
[0,7), 

x x >* e Q(C(B a , p , B a>p )) n ct K {C{B a ^ B a+KiP )), (18) 
X ^eC2 +a (£(B atP ,B p )), (19) 
xxx ,ij G cl\C{B a>p , B a>p )) n C 2 2 ~<~ K {C{B a , pi B a+K , p )). (20) 
We will denote by \\X\\ 7>ot)K the norm attached to X := (X x , X ax , X xx ) through Properties 

(THf)-n> that %s to sa v ' 

m 

:= Yl Wx x ' l ;C](C(B a>p ,B atP ))] + . . . + Af[X xx ^;C^- K (C(B a>p ,B a+K , p ))} . 
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With this notation, one has \\X\\ lt(XjK < c 7)Q , )K ||x|| 7 . Moreover, if X stands for the path 
associated to another process x satisfying (X) 1 , then 

\\X - X\\ 7>a , K < C lta}K {1 + ||x|| 7 + ||x|| 7 } ||x - x|| r (21) 



Proof. Properties f|T8l) - fl20l) are straightforward consequences of the well-known estimates 
(see [13) ' 

1 1 1 1 <c K \t- s\~ K \\ip\\ Ba , p , \\AS t sV\\B a+K , p <c K \t- s\~ l ~ K \\(p\\B a , p , 

\\<k8<p\\B p <C a \t- s\ a \\(f\\B a , p - 

For example, for any <p G £> QiP , 

\\ X U ( fh a + K , p < ^\t ~ s] 1 \\S ts ^\\ Ba+Kp + I* - «F \\ASt u (p\\B a+KjP dv)j 

7~ K i / \+ — 1+7 — K 



< c K \\x\\^\\ip\\ B <\t - sy + / \t-u\ 1 du 



< c 7)K ||x|| 7 ||^|| BaiP \t - s 



7 — K 



The controls of ||X|| 7iQ , jK and \\X— X|| 7jaA can be readily checked from the very definitions 
f|T2|) - fn4|) . Observe for instance that 



AS tu (5x l )tu(5x J ) us du - / AS tu (Sx l )tu(5x : >) us du\\c(B p ,B p ) 

J s 

< / \\AS tu \\c(B p ,B p ) - x l ) tu \ \(Sx 3 ) us \ + |(5x l ) tu | \5(x J - x 3 ) us \} du 



< c{l + ||x|| 7 + ||x|| 7 } ||x — x|| 7 ( / \t — u\ 1+7 I it — s| 7 du 



< c \t — s| 27 {1 + ||x|| 7 + ||x|| 7 } 



x — X 



7" 



□ 



2.4. Solution of the equation. The notion of solution we will use in this paper is 
inspired by the considerations of [6] for rough standard systems. We first give its (ab- 
stract) definition and then provide two results meant to make the apprehension of this 
concept easier (Propositions [2T81 and |279|) . Remember that the notation J y has been 
introduced in Definition 12.21 

Definition 2.6. Under Assumptions (Al), (X)^ and (F)\, for all X > and if} 6 &\, P , 
we will call solution in B\ tP of the equation 



y t = S t ip+ \ St-ufi{yu) dx l u , te [0, 1], 
Jo 



(22) 



any process y : [0, 1] — > B\, p such that y = ip and that there exists two coefficients 
\l > 1, e > for which 

J y eC£([0,l];B p ) and J v E C|([0, 1]; 13\.p)- 
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Remark 2.7. The reader familiar with the strategy of [B] will not be surprised by the 
condition J y G ^([0, l];B p ) for some coefficient \i > 1. The second condition J y G 
C|([0, 1]; B\ }P ) may be less expected: it stems from the technical arguments that will be 
displayed in Section H] so as to obtain uniqueness of the solution (observe in particular 
the estimate flBJ). 

Proposition 2.8. Let x a m- dimensional regular process, x 2 its Levy area, understood 
in the Lebesgue sense. We suppose that Assumptions (Al) and (F)\ are satisfied. Then, 
for all 7] G (0, 1) and ip G B VjP , the (classical) solution of Equation |Hj) is also solution 
in B ViP in the sense of Definition \2. 6i 

Proof. Let y the classical solution of (122]) . with initial condition ip G B v , p . Then y G 
Ci([0,l]; B VtP ) and since (5y) ts = f S tu dx l u fi(y u ) and / is bounded, one clearly has 
y G Cj([0, 1]; B p ). Now notice that owing to the identification flT7|) . we get 



and so 



K l = S tu dx l u fi(y u ) - X?ffi{y s ) = S tu dx l u 5(f % (y)) usi 

J s J s 

\Kl\\ Bv < HxlU^llflU f\\{8y) us \\ Bp du (23) 

J s 

< c X)f J {\\{5y)us\\B p + ||a„ s |U( Bj , )Bj ,)||y s ||| 

< c x j tV / {\u — s\ + \u — s\ v } du < c x j tV \t — s\ 1+v . 

J s 



To complete the proof, observe that by resorting to the identification ffTTj) once again, 
we can write Jf s = f* S tu dx % u M* s , with 

M us := SiMy))^ - (5x% s fl(y s ) ■ fr^) 

fi{y s + r(5y) us ) ■ (5y) us - (5x 3 ) us fl(y s ) ■ fj(y s ) 

fl(y a + r(Sy) us ) ■ a us y s / f-(y s + r(5y) us ) ■ (5y) us - (5x J ) us f-(y s ) ■ fj(y s ), 



and thus 

M us = I drf' i (y a + r(6y) w )-a va y,+ I dr f&y a + r(6y) us ) ■ K*, 



+ [ drfl(y s +r(5y) us )-X™jf j (y s )+ f dr [fi(y s + r(5y) us ) - fi(y s )] ■ (5x% s f 3 (y s ), 
Jo Jo 

(24) 

where we have used the trivial relation X££ = X^ 1 + (5x J ) us . From this expression, 
it is easy to show that ||M*J|,g p < c y \u — s\ v , which leads to the result with (using the 
notations of Definition 12.61) ji — 1 +rj, £ — 1. □ 

Proposition 2.9. Let x a m- dimensional standard Brownian motion, x 2 its Levy area, 
understood in the ltd sense. We suppose that Assumptions (Al) and (F)i are satisfied. 
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Then, for all r) G (1/2, 1) and ip G B V)P , the ltd solution of Equation $2~2)) is almost surely 
solution in B VtP in the sense of Definition \2. b\ 

Proof. For sake of clarity, we have postponed the proof of this result to Appendix B. □ 

Together with the forthcoming uniqueness Theorem 12 .111 the two above-stated results 
allow to identify, in the two reference situations (ie when x is regular and when x 
is a standard Brownian motion), the solution in the sense of Definition 12.61 with the 
classical solution. We will then lean on the continuity Theorem 12. 121 to fully justify our 
interpretation of the equation (see Remark 12.141) . 

2.5. Main results. With the help of the tools and definitions we have just introduced, 
we are in position to state the three main results of this paper, which successively provide 
the existence, uniqueness and continuity of the solution to 



Theorem 2.10. Under Assumptions (Al), (X) 1 and (F) 2 , for all 7' G (1 — 7,7 + 1/2) 
and ip G <6y )3 , ; Equation |Hj] admits a solution y in By tP in the sense o f Definition \2. 6\. 
which satisfies 



A% C7([0, 1]; B p )} + A% C°([0, 1]; B Y:P )] < C(||x| 



7> W\\B, 



TtP' 



for some function C : (IR + ) — > R growing with its arguments. 

Theorem 2.11. If p > n and if Assumptions (Al), (A2), (X)^ and (F)s are satisfied, 
then for all 7' G (1 — 7, 7 + 1/2) and ip G B 7 ' iP , the solution y in By tP given by Theorem 
\2.10\ is unique. Moreover, for any 

< < inf (3 7 - 1, 7 + i - 1, 7 - (7' - 1/2)) , 

there exists a constant c x ^j^ such that for all n, 

n n n , c x,ip,f,P 

max \\y t n — yl » , < — — — 
fc=o,...,2"" y k yt k "°v,p - (2ny ' 



where y n stands for the process given by the discrete scheme (WR) 



Theorem 2.12. Under the conditions of Theorem \2.11\ the solution of the equation 
is continuous with respect to the initial condition and the driving rough path. More 
precisely, if y (resp. y) is the solution in By iP associated to (x,x 2 ) (resp. (x^Sc 1 )), with 
initial condition ip (resp. ip), then 

M[y - y; CJ([0, 1];B P )\ + M[y - y; C?([0, 1]; B^, p )] 

< C (||x|| 7 , ||x|| 7 , \\1>\\b^, UK^ \U- th^ + ||x - x|| 7 } , (25) 
for some functions C : (IR + ) 4 — > 1R + growing with its arguments. 



Together with the identification result established in Proposition I2.8[ these three the- 
orems offer another viewpoint on the solution of Equation (|22p , which may be more in 
accordance with the formalism used in [TTJ for rough standard systems: 

Corollary 2.13. Under the assumptions of Theorem \2.11\ let ip G £> 7 ', P and (x n ) n a 
sequence of regular processes such that \\x — x ra || 7 + ||x 2 — x 2,n ||2 7 — > as n tends to 
infinity, where x 2 ' n stands for the standard Levy area constructed from x n . Let y n the 
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(classical) solution of associated to each x n . If y is the solution of ([Hp given by 
Theorem \2.11[ then 

A% - y n ; CJ([0, 1]; B p )} + A% - y n ; C a °([0, 1]; B y>p )} -> (26) 
as n tends to infinity. 



Remark 2.14. Through the latter result, one can see that the solution y we exhibit 
is a solution in the rough paths sense, that is to say a limit of regular solutions with 
respect to some particular topology. In this context, y can legitimately be called a mild 
solution of (j2J), as a limit of classical mild solutions. Furthermore, it is worth noticing 
that given the regularity assumptions on fi, if we suppose in addition that the initial 
condition if) belongs to the domain T>(A p ), then each regular mild solution y n is also a 
strong solution (see [T71 Theorem 6.1.6]). Consequently, if if) G V(A p ), y can in some 
way be also considered as a strong solution of (j2j), keeping in mind the topology of the 
underlying convergence result (|26|) . 



3. Existence of a solution 

This section is devoted to the proof of Theorem I2.1UI Thus, we henceforth suppose 
that the assumptions of the theorem, namely (Al), (X) 7 and (F)2, are satisfied. Besides, 
we fix a parameter 7' G (1 — 7, 7 + 1/2) and an initial condition if) G £y iP . 

3.1. A few additional notations. We consider the sequence (IP)„ of dyadic partitions 
of [0, 1] and define the discrete process y n following the iteration formula: 

V5:=1> , (27) 

for any point Vfe of IT". y n is then extended on [0, 1] by linear interpolation. For sake of 
clarity, we will denote in this section J n := J y " and K n := K yn . Observe that owing to 
the very definition of y n , one has Jfl t « = 0. 

In the rest of the paper, we will also appeal to the discrete versions of the generalized 
Holder norms introduced in Subsection I2.2L Thus, for any n G N, we denote [a, 6] n : = 
[a, b] n IP and 

m-xhKQ n ,B a , p )]:= sup 

t™<s<t<t™ \t — S\ 

We define the two quantities Af[.; C\ ([a, b\ n \ B atP )] and J\f[.; C\ ([a, 6] n ; j6 a)P )] along the 
same line. 

Now, for any (not necessarily uniform) partition II of [0, 1] made of points of IP, we 
introduce the process J n,n defined for all s < t G IP as 



if (s, t) n ft = 

($J n )tu S if(s,t)nn = u 

J£ - Jh - Eti 1 ^-^La - s th Ji is ^ n n = {i u ..J N } 
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Remark 3.1. Since Jq +i t™ — 0, one has in particular J t ™' n = J t ™. Besides, if ft, ft are 
two partitions of [0, 1] made of points of IF 1 and such that II D (s,t) = {ti, . . . ,t^} 
(N > 3) and ft n (s,t) = {t u . . . • • • t N } for 1 < k < N - 1, then J"' n - 

Jt s ' U = s tt k+ i($ Jn )t k+1 t k t k -i- With the same notations, if ftn(a,t) = {t x , . . .J N -i}, then 

Jts ~ Jts = {^J n )ti N t N _ 1 - 



71,0 



3.2. Preliminary results on J n . We fix < t™ G IP and apply the algorithm de- 
scribed in Appendix A to the uniform partition {t™, tp +1 , . . . , t™}. We set N := q — p, so 

that for any k G {p, . . . , g}, t n k = t n v + We also denote by (IF' m ) me{li ... i7V -i} 

the (decreasing) sequence of partitions of [t™, t™] deduced from the algorithm, and IX 
{£p,£p+n • • • ;^}- Finally, := J^' t n . With these notations in hand, one has 

N-l 

jn \ f jn,m jn,m+l 

q p ' J I <2 P 1 P 



771=0 



Once endowed with this decomposition, we are in position to show the following result, 
which turns out to be the starting point of our reasoning: 

Lemma 3.2. Let fi > 1 and k > 0. There exists a constant c = c UyK such that 

II jn || ^ f I j.n _ x n I K , I in _ ,n I M~t' 1 

^J";C 3 K ([t;,^] n ;i3 7 i p )] +Ar[5J";C^([t;,^] n ;^)]} , (28) 



and 

in j.ti|M 



H^lk <cK-fl^[iJ»;C?(B,a^)]- ( 29 ) 

Proof. We use the notations of Appendix A. By refering to Remark I3.1[ one easily 
deduces 



AT-l 

E 

771=0 



J T71,77l T?l, 771+1 1 



E\ [5 J n )fntn -)- > Sfn+n {5J n )fn fri fa 

| V ^Vp + fc^ + ^+fc" i+1 9 P+fe+ V ^ P+k+ V+ k ™ P+^ 

r=l I A r _ 1 +i m= A r _ 1 +2 

+ i^ jn kt; +k v_ + i { A A/ „ 1+ i<jv-i}(^ n )* ? r +fcjv _ ii? . 

A M-1+ 1 
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Then, if C n := Af[6J n ;Q(K^U^',p)} + Af[SJ n ;C^lt;,t^ n ,B p )}, 

2V-1 

En jn,m jn,m+l n 
\\Jfn4-n J+nfn \\ B I 



m=0 



< 2C„ c-c 



Af-1 



+^E 



r=0 



y.n j.n 



+ E K"^4 
m=A r _i+2 



g SI J 



r=0 



"A r _i+1 



N 



iv> E 



< c , J l+n _ fd* + If™ _ fi\^ 7 



m=A r _i+2 
Cm 



thanks to Proposition 16. 21 The second control can be obtained with the same 
arguments, once one has noticed that (I52p entails in particular 



M-l 

£ 

r=l 



fc 



A r _i+1 



AT 



1 -Ar 

JVM 2-^ \ m m \ 



< c M < oo. 



m=j4 r -i+2 



Lemma 3.3. For any process y : [0, 1] — > B p and all s < u < t G [0, 1], 
an<i a/so 

{&J V )tus — hus + F^us + Hhus + -^US) 
•1 



□ 

(30) 
(31) 



1 1 hus '■— ^-tu 



dr fl(y s + r(5y) us ) ■ Kl 
dr fry, + r(5y) us ) ■ {a us y s + fj{y a )} 



dr [f[{y s + r(5y) us ) - • (>lr ')„,./• (// 



IV tus :=X^5{F tJ ^y)) us . 
Proof. Those are only straightforward computations. For fl30l . we use the fact that if 



m ts ■= 9t s h s , then (5m) tus = {Sg) tus h s - g tu (5h) us , together with the algebraic relations 
{8X X % US = , {5X XX >% US = X x tu \5x>) us for all s < u < t, 

that can be readily checked from the expressions (|T2|) and (THI) . The expansion of 
o~(fi(y))us — (3&)usFij(y s ) which then leads to (l3~Tj) has already been elaborated on in 
the proof of Proposition 12.81 □ 
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3.3. Existence of a solution. Thanks to the above preliminary results, we are first 
able to control J n on successive time intervals independent of n: 

Proposition 3.4. Let //, e such that 

3 7 >/i>l , 7 + V>/i>l , j-{j'-^)>e>0. (32) 

There exists a time T = T (x, /, 7 , 7', /x, e) > 0, T G II n ; suc/i t/iot for any k, 

Af[J n ; CKlkTo, (k + 1)T A l] ft ; £Jy, p )] < 1 + ||^ To (33) 

and 

AT[J"; C£([*T 0| (k + 1)T A 1] B ; B p )] < 1 + ||y fc \ \\ Byy (34) 

Proof. This is an iteration procedure over the points of the partition, for which we first 
focus on the case k = in (I3"3l and (|34p . Assume that both estimates hold true on 
[0,t"] n . Then, for any t G [0,t™]„, one has, thanks to (USD, flUD and ©, 

k n ik, p < Wlla,,, + Hs^llBy, + ^ 7 - (7 '-^ {ll/*Wlk /2 , P + ll^-(V0lk /2 , p } 
< ^{l + IHI^,}' (35) 

so that A%";C?([0,t™] n ,i3 y , p )] < {l + \m Bjf p }. Besides, if s < t G [0,t"] n , 

ll(<¥%lk < + + 

< i*-«r</{i+nv'iiB 7V }' 

hence 

A%";C7([0,t g ] n ;£ p )] <4/{l + W^,}- (36) 
One can also rely on the estimate 

rak < iKik + n^r^wik < </ i* - *r {1 + ikik>} • (37) 

Now, from the decomposition ( 13~I]) . we easily deduce, for all < s < u < t G [0,t" +1 ] n , 

< 4,/ {l + IM| B y,} {\t - Si"'' + |t - S | 7+7 '} . 

Indeed, one has for instance 

II [//(y. + r(8y) us ) - f'(y s )] ■ (8x j ) us fj(y s ) Bp 

< c xJ \u- s\ 7 \\(6y) us \\ Bp 

< c xJ I it - s| 7 |||(5y)us||B P + IK^/slk} 

< c XJ {i + \m Byp }{\u-sr'+\ u -s\^} < c XJ \u- s \^{i + \m Byp }, 

where the constant c x j may of course vary from line to line. Consequently, 
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On the other hand, it is readily checked from (13"D]) that 

\\(sj n )tu S h^ p < cij {1 + ii^ii By , p } it - 8 r«-to , 

and therefore 



By using the estimate (l2o|) . we get 

AT[J- C 2 £ ([0, ^ +1 ] n ; £ 7> )] < c 7 xJ {l + ||^|| B7 , p } (T 3 ^ + 2^-" + r 7 - (7 '^ } - £ 
It only remains to pick T such that 

c 7 XJ (t^ + t^'^ + rr (y " 4) " e ) < i. 



We can follow the same lines to show ([34]) from the estimate (|29|) . 

It is now easy to realize that the same reasoning (with the same constants) can be applied 
on the interval [T ,2T ] by replacing ip with y% , and then on the interval [2T ,3T ], 
etc. ' ' □ 

Corollary 3.5. With the notations of Proposition [3T^| , there exists a constant c x j such 
that for any k, 

Af[J n ;C^lkT ,(k+2)T Alj n ,B p )] < {l + \\yl +1)To \\ Bl , , p }+c xJ {l + fej^, J , (38) 

Af[J n ; CKlkTo, (k + 2)T A 1] B ; B 7> )] < {l + ||yf fc+1)To || Sy p } + c xJ {l + ||^ To || By p } . 

(39) 

Proof. If kT < s < (k + 1)T <t <{k + 2)T , 

Jts = Jt,{k+1)T Q ~ St,{k+l)T J(k+l)T ,s ~ (.$J n )t,(k+l)To,s- 

We already know that 

\\ J l{k+l)T \\B v + \\J(k+l)T J\B p <\t~ Sf |2 + \\y( k+ i )To \\B y<p + lbfcT lls 7 , >p } • 

By using the decomposition f[3T]) . together with the estimates fl35|) . fl36|) and fl37j) . we get 
\\(5J n )t,(k+i)T ,s\\B p <c x \t - s| M jl + ||?/fc To ||B Vp |, which yields ([38]). ([39]) can be shown 
with the same arguments. □ 

Proof of Theorem \2.1(A With the same estimates as in ([3"5]) . we first deduce from Propo- 
sition 13.41 

Af[y n ; C?([*T 0j (fc + 1)T A 1] B ; S 7> ] < c l xJ {l + fejs^} , 
where the constant c\ ^ does not depend on k. As T is independent of y n , this leads to 

W;^([0 J l] B ;fi /tf ,)]< C S, / {l + WB y ,}. (40) 
From this uniform control, we get, by repeating the argument of Corollary 13.51 

AT[J";^([0,l]„;i3 p )] < {l + 11^11^,} , (41) 
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and then 

AV;C7(ttO,lk*y <cl !f {l+U\\ Byip }. (42) 
Now remember that y n is extended on [0, 1] by linear interpolation, so that 
A% n ;C7([0,l];£ p )] < 3^ n ;C7([0,l] n ;B p )] 

< 3A%"; C7([0, l] n ; S p )] + cyA/ty"; C°([0, l] n ; R^)] 

< ^/{i+IHlBy,}- 

Thus, we are in position to apply Ascoli Theorem and assert the existence of a subse- 
quence y Uk of y n that converges to an element y in C°([0, 1]; i3 p ). It remains to check 
that y is a solution of f l22|) . To do so, let s < t G [0,1] and consider two sequences 
Sn k < tn k G n nfe such that s nk decreases to s and t nk increases to t. Then 

ii jy ii <-■ ii jy jy nk ii _i_ ii 7^" fe 7^ ,ifc ii _i_ ii jy nk ii f/i^ 

IKJfip < \\J ts - J ts \\b p + \\Ju - J t nk s nk \\B p + \Wt nk s nk \\B p - (4dj 
On the one hand, 

\\Jf s - Jt \\b p < c xJ N[y - y n *; C?([0, 1]; Bp)] 0, 
while on the other hand 

II TV nk 7J/" fc II ^ J II xrX,i \rx,i ii ,|| -tAXX,ij v xx,ij n ] 

iKt* ~ J t nk s nk \\B p < C/ <jJ|A ts - A tnkSnk \\ £ (B p ,B p ) + \\^ts ~ A t nh s nk U(B p ,B p ) j 

+ c xj\\\yt Vt nk \\B p + \\y Snk -y s \\B p j, 

from which we easily deduce, with the uniform controls ( 140]) and ( 142]) in mind, 

ii iv nk iv nk ii n 

W'Jts ~ Jt„ k s nk II Bp — > 0. 

Finally, owing to (T4T]) . 

Going back to (H31) . this proves that J 5 ' G Cg ([0, 1]; £> p ). Then we follow the same 
lines starting with the estimate M[J n ; C|([0, 1]„; Ry )P )] < c^j |l + H^llsy p | to get 
J y G C|([0, 1]; £> 7 ', p ), so that ?/ is indeed a solution of (122]) in £y iP . □ 

4. Uniqueness of the solution 

In this section, we mean to prove Theorem 12.111 As a consequence, we assume that 
p > n and that Conditions (Al), (A2), (X) 7 and (F) 3 are checked. Let y a solution of (12"2"]) 
in £y iP , for some (fixed) parameter 7' G (1 — 7, 1/2 + 7), with initial condition ij) G £y iP , 
and y n the process described by the scheme (l2~Tj) . with the same initial condition ^. 

We introduce, for all s < t G II n , the quantity 

Af[y - y n - CJds, tj n , B p )\ +N[y - y n ; C?([a, tj n , By,)] +J\f[K y - Jf** ; Cl\{s, tj n , Bp)]. 
Besides, we fix 11 > 1, e > such that || J? s \\b p < c \t — and ||J^||b , < c |t — s| e . 
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The proof of Theorem 12.111 is based on the two following preliminary results, which aim 
at controlling, as in the previous section, the residual terms J: 

Lemma 4.1. For all ft > 1 and k > 0, there exists two constants c y ,Cfi such that if 
s <t eU n , 



\\Jts Jts 



ts \\B^ 



< C 



A»-7 



V | ( 2 n)e (2") 

y - X);C 3 K ([ s ,t] n ;S y , p )] +Af[5(jy - jy n y,c^(lsit} n ,B p )] 

~ J tsh P < + c,\t- sfAf[5(jy - jy n );C$(ls,t} n ;B p )]. 

Proof. Going back to the notations of Subsection 13.11 we decompose J\ s — J\ s as 



jy _ jy 

d ts J ts 



with, if s = t"l and t = tf, 



J ts d ts 



1-2 



+ Ry' n 



ts 1 



R V ts U '— Jttf_ x + ^2 Stt i+l J tV 



71 4-Tl . 



i=k 



To handle the term into brackets, we use the same arguments as in the proof of Lemma 
13. 2[ which yield here 

Il4' nn - j£' nn K. v < cm { \t - s\" + \t - sf^' 



and 



{M[5(jy - jy n y,c*(ls,t} n ,B Y , p )} +^[6(jy - jy n )-c^{{s,t\ n] B p )]] 



\\J y t r - JS^Wb, < w \t- s fAf[5(jy - jy n y,cms,t} n ,B p )]. 

Then it suffices to observe that 

1-2 



\\R 



ts \\Bp 



< 



(2 



< 



i=k 



Cy \t — S\ 

72 



n\fi— 1 ' 



1 1 

+ 



(2 n ) £ (2 n y- 1 



Lemma 4.2. Set \x := inf(7 + 7', 37). Then for every s < t G IP, 

M[5(jy - jy n );C§(ls,tUB p )] < c y , xJ ^M[y-y n ; Q(MD1, 

M[5(jy - jy n );CUls,t} n ,B Y , p )} < c y ^N[y-y n ; C([s,t] B )]. 



(44) 
□ 

(45) 
(46) 



IS 
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Proof. is a consequence of the decomposition (jHT|) . Indeed, one has for instance, if 
:= M[y\ CJ([0, 1]; £ p )] + A%; C?([0, 1]; 

||£(y s + r(^) us ) - tf(y.) - f'M + r(<V%) + 



< \\r dr'[f:'(y s + rr'(5y) us )-f:>(y: + rr'(5y n ) us )](5y) 



us Bo 



+ \\r / dr'f;(y n s +rr\5y n ) us )5(y-y n ) 



III fig 



< C/ A/>- S | 7 / rfr'IK^ + rr'^U-^ + rr'^UII^ 

./o 

+C/ | M - s |^[y-y"; Q(I)] 

< c m \u-srM[y-y n ;Q(I)), 

where we have used the continuous inclusion £>y iP C Boq. As for (|46i) . it suffices to 
observe, with the expression (1301) in mind, that one has for instance 



K:(fi(y u )-fi(y:))\\B jl>p 
< Cx \t - U-Mju) - h(y n u ) 



< c x \t-sn\ I drf:(y u + r(y:-y u ))(y:-y u )\\ B ^ 

Jo 

< ^l*-s| 7 H3/I?-3/«lk ; J / drf-{yu + r{y r ^~y u ) 

Jo 

< c x j^ yn \t-s\"Af[y-y n ;Q(I)} 

< c x , LMy ^\t-sf<N[y-y n ;Q(I)}, 



(47) 



TV _ TV 

J ts J ts 



where, to get the last estimate, we have appealed to the uniform control J\f y n < c x j^ 
established in the proof of Theorem 12.101 □ 

Proof of Theorem [2U[ Let 7\ < 1 G IP. Write 

kv - y n )ts = [fM - My:)] + x?* [f^) - f^)} 

and use the two previous lemmas to deduce first 

N[y - y"; #([0, 7\] n ; B p )\ < c y>xJ ^M[y - y n ; Q([0, 7i] n )] + 

and 

A/>-y";C°([0,Tj n ;£ yiP )] < - y»; QdO^W] 

+ c, 



(2™) £ (2 n )^- 1 J ' 



Then, since Jt* - = ^ [F i3 {y s ) - F«(y?)] + 



71/ _ 7-r 



AT[Jf* - C 2 27 ([0, Ti] B ; < c y>xM T?M[y - y n ; Q([0, T\] n )] + 



A DISCRETE APPROACH TO ROUGH PARABOLIC EQUATIONS 



19 



and we have thus proved that 

A% - y n ; fiflMy] < ^ tM ^J^y - y n \ QQo,^)] + c£ \-^- + 1 



(2 n ) e (2 n y- 1 

Choose T\ such that c* a f^T\ — \ to get 

M[y - v n ; Qm < 2cl + ^i^} . 

By using the same arguments on {kTi, (k + l)Ti] n , we get 

M[y - y»; Q([A;T 1 , (k + l)T x y] < 2c\ { JL + t^zi} + <v|| ywi - I/folia,,, 
and it is now easy to establish that 
A% - y» ; C7([0, 1] B ; + A% - y n ; C?([0, 1]„; Hy,)] < c y , x , M 1^+ ' 



-i 



(2") £ (2 n )^ 

(48) 

This inequality clearly proves the uniqueness of the solution and therefore enables to 
identify y with the solution constructed in Section [3j This identification allows in turn 
to choose \i and e as in Proposition 13.41 and to assert that Af y < c x j^, which completes 
the proof of the result. 

□ 



5. Continuity of the solution 

It remains to prove Theorem 12.121 Following the statement of this result, we suppose 
that p > n and that Assumptions (Al), (A2), (X) 7 and (F)3 are satisfied. We fix j' G (1 — 
7, 7 + 1/2) and the two initial conditions ip,ip & By> >p . We denote by X = (X x , X ax , X xx ) 
(resp. X = (X x , X ax , X xx )) the path constructed from (x,x 2 ) (resp. (x, x 2 )) through 
Definition 12.21 With this notation, we define y n as the process described by the scheme 
(|27p and y n as the process obtained by replacing (-0, X x , X xx ) with (ip, X x , X xx ) in the 
latter scheme. 

Besides, we define J and K by replacing (X x , X xx ) with (X x , X xx ) in Formulas ffl5i) and 
fjI5j> . For sake of clarity, we also set J n := J y " , K n := K y " , J n : = >™ , K n = , and 
as in the previous section, we introduce the intermediate quantity 

Af[y n -y n ;Q(b,t}n)} 

:= M[y n -y n \ tj n , B p )]+Af[y n -y n ; C?([a, t]„; SyJ+AqiC-iT 1 ; C 2 27 ([s, t] n ; S p )]. 

Remember that owing to the results of Section [31 we can rely on the uniform control 

A%"; C7([0, l] n ; B p )} + A%"; C°([0, l] n ; B Y , P )] + Af[K n ; C^([0, l] n ; Bp)] < c^, 

with an equivalent result for y n . The proof of Theorem 12.121 now leans on the two 
following lemmas: 
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Lemma 5.1. For all Ji > 1 and k > 0, there exists a constant c = c^ jK such that if 
s <teU n , 



k- -Sua, <c it- s r + it- s 



and 



{A^[5(J™ - >);C 3 «(Mk£y lP )] +A^(J" - J*);C 8 A ([M]»;$0]} 
|| Jl - JI\\b v <c\t- sfAf[6(J n - >);Cf([M]»; Bp)). 



Proof. It suffices to follow the lines of the proof of Lemma 13.21 
Lemma 5.2. Set jl := inf (7 + 7', 37). Then for any s < t G Tl n , 

Af[6(J n - J n )\ Cf ([*, t] B ; B^,)] < C . A ^ {a%™ - y»; Q(k «]»)] + ||x - x|| 7 
and 



□ 



(49) 



Ar[5(J"->);C 3 7 ([ S ,t] n ;S 7> )] <c 



x,x,ip,ip 



n -2/ n ;Q(l*,*]n)] + l|x-x|Lk (50) 



Proof. This is the same type of arguments as in the proof of Lemma [4.21 For (I49|) . we 
resort to the decomposition fl3T|) and notice for instance that 



\\ X tuU dr f'{y n s + r(6y n )us) ■ K s j - X£ ( J dr fiffi + r(5y n )us) • K s } \\ Bp 

< c II^Tif - ^*IU(B„Bp)||-^C a ||Bp + \\Xtu\\C{B v ,B p ) 



dr ti{y n s + r(5y n )us) ■ *C - / dr + r(<^) us ) • i^lk 



I / dr [f>(y: + r(5y n )us) ~ ftffl + r(5y n ) us )] ■ i^Jk 
Jo 



+ 11 / drf^ + r(6y n )us)- 



Ks ~ Ks 

< <£ M \t ~ s\ 3 ^ ||x - x|| 7 + cl^ \t - s\^M[y n - y n ; Q(b, *]„)], 

where we have used the continuous inclusion By tP C B^. ( 150]) can be proved likewise, 
with the same kind of estimates as in the proof (14T|) . 

□ 

Proof of Theorem \2.12l Following the same procedure as in the proof of Theorem 12.111 
we first deduce 



A%"-^;Q([0,T 2 ] n )] 



< c 



1 



T 2 W[y n -^Q([0,T 2 ] n )] + 



I By* + ll x ~ x l 
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Indeed, one has for instance, if < s < t < T 2 , 

I W !/<(»?) -/<(«?)]lk < * \t - 8\i\\ti - elk 

< C X \t - S | 7 { - + ||V - ^ llSy,} 

< c, |t - S r {T 2 W[y" - y»; Q([0, T 2 ] n )] + ||^ - ^H^} . 
Then we take of course To such that c 1 _ , -TJ = ^ so as to retrieve 

x,x,tp,tp 6 £ 

M\y n - y n ; Q([0, T 2 j n )] < 2 { \$ - ^|| By> p + ||x - x|| 7 } . 

Repeating the procedure on [T 2 ,2T 2 ], [2T 2 , 3T 2 ],..., leads to the uniform control 

N[y n - y n ; Cjm + AT[^ - y» ; ^([0, 1] B ; i3 y , p )] 

< c M ,^ {||V - ^llfiy !P + llx - x|| 7 } . (51) 

To conclude with, let us introduce, for all s < t E [0, 1], two sequences s n < t n G IP 
such that s n decreases to s and t n increases to t, and write (for instance) successively 

\\Hv - y)ta\\Bp < \\Hv - y)ttj\t3 p + Why - y)t n s n h P + ll<% -y) SnS h P , 
¥{y - y)t n sjB P < \\5(y - y n )t nSn h P + \\5(y n -y n )t nSn h P + \\5(y - y n )t n s n h P - 

The control (IBTl) . together with the approximation result (TJHD, then provides fl23|) . 

□ 

6. Appendix A: a useful algorithm 

We give here the description and a brief analysis of the algorithm used in the proofs 
of Lemmas 13.21 14.11 and 15.11 

Consider a generic partition {0, 1,2,..., iV}. We remove the inner points of this partition 
({1, 2, . . . ,N — 1}) one by one according to the following procedure (see Figure [H]): 

• At step 1, we successively remove, from the right to the left, every two points, starting 
from N (excluded) until (also excluded). Then, still at step 1, we take off the point 
of the (updated) partition between (excluded) and the last removed point, if such a 
middle point exists. 

• We repeat the procedure with the remaining points (steps 2,3,...) until the partition 
is empty. 

We denote by: 

• M the number of steps necessary to empty the partition. 

• (k m )me{i,...,N-i} the sequence of successively removed points. 

• A;+ the point of the partition (at 'time' m of the algorithm) that follows k m (when 
reading from the left to the right), the point that precedes it. 

• A r the total number of points that have been taken off at the end of step r. We 
also set A := 0. 
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k 19 k 2 ki 

X I X I X I X I X I X I X I X I X I X I X I X I X I X I X I X I X I X I X 



29 

-X- X- 



'29 



-X- 



i/ 2 4 ^24 
H X— 



'21 



-X h 



20 
X— 



k 3 4 
— x — 



-X— 



-X- 



-X- 



-X- 



&36 
— X — 



^37 
— X — 



Figure 1. The algorithm for N = 38. Each lign corresponds to one step. 
Thus, M = 5, A 1 = 19, A 2 = 29, A 3 = 34, A 4 = 36. 



Lemma 6.1. For every r 6 {0,1,..., M}, 



< A r 



N\l--\<\. 



yM+l 



In particular, \A r - A r _ x - f\ < 1 et 2 M ~ l < N < 2 

Proof. This stems from a straightforward iteration procedure based on the formula 
A r+1 = A r + [ N ~2 r+1 \ j t G {0, 1, . . . , M — 1}, where [.J stands for the integer part. □ 

Proposition 6.2. Let /x > I, < 7' < 1 and k > 0. Then 



M-l 

E 

r=l 



A- 



A r _i+1 



— y 



m=A r —i+2 



\k + — k~\ 



(52) 



for some finite constant c Kli ~i independent of N. 



Proof. We actually use the following explicit expressions: at step r (r G {1,...,M — 1}), 
if iV — A--1 is even, one has, for every m G [A--1 + 1, A r J, 



k: 



N — 2 r (m — A r —\ 



r, (53) 

k-=N-2 r (m-A r _ 1 ), (54) 

while if — A r _i is odd, Formulas (1531) and (|54j) remain true for m G [A r _i + 1, A r — 1], 
but fc^ r = and k\ r = k\ _ x = N — 2 r (A r — A r _i — 1) + 2 r . From these expressions, we 
first deduce 



E 

r=l 



A: 



A r _i+1 

N 



1 A* -1 /oM\ K 

iE(2T<4(V) 
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according to Lemma [6. II Then, if iV — A r _i is even, one has 



t 

m=A r -\+2 



N 



\k + — k~\ 

"m "to 



(2 



r\fi-r 



i A r ~A r _i-l 



E 



m=l 



m 



Besides, if N — A--1 is odd, 



E 

m=A r _i+2 



k+ 

N 



\k + — k~\ 
"m "to 



< A^-r-C^-A-i-l) 1 ^ 



1 - 



1 

N 



+^p^( A r ~ A-i ~ 2)" 7 '(iV - 2%A r - A^ - 2))" 



3 (2 r ^^ 



since, in that case, A r — A'-i > 3. Thanks to Lemma f6.lt we now easily deduce 



M-l A r 

-Y Y 



ATM 



r=l m= J 4 r _i+2 



k+ 
"to 

N 



3 M-l 4 M-l 

r=l r=l 

□ 



7. Appendix B 

This section is devoted to the proof of Proposition 12. 91 To this end, we will resort to 
the two following lemmas, respectively borrowed from [13] and pQ: 

Lemma 7.1. Fix a time T > 0. For every a, (3 > 0, p, q > 1, there exists a constant c 
such that for any R e C 2 ([0,T]; B a>p ), 



Af[R;Ci{[0,T\;Ba*)] < c{u^ m {R) + M[5R;CH([0,T];B aiP }} 



where 



U/3,g,a,p{R) 



\R 



VU So 



dudv 



0<u<v<T \ \V — U\ 



1/9 



Lemma 7.2. For every p > 2, the Burkholder-Davies- Gundy inequality holds in B p . In 
other words, for any T > 0, if B is a one- dimensional Brownian motion and H is an 
adapted process with values in L 2 ([0,T]; B p ), then for any q>2, there exists a constant 
c independent of H such that 

9/2" 



E 



sup 

0<t<T 



H u dB u 



< cE 



Qf \\H u f Bp d^j 



(55) 
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Proof of Proposition \2. 9l On the whole, this is the same identification procedure as in 
the proof of Proposition 12.81 The only difference lies in the fact that the direct estimates 
of the integrals at stake (as in (J2SD) are here replaced with a joint use of Lemmas 17.11 
andOJ 

We denote by y the (Ito) solution of ( 1221 . with initial condition if) G B VtP . Let us fix 
7 G (1/3, 1/2) such that 7 + 77 > 1 and 27 > 77. If one refers to [TJ] (for instance), one can 

assert that y G C°([0, 1]; f^) a.s, and one even knows that sup i6 [ 01 ] E \\yt\\s < 00 
for any q G N. Then, since (5y) ts = f S tu dx l u fi(y u ) > one has, thanks to Lemma I7T2| 



E 



Studx l u fi(y u )\\ 



< cE 



\S t ufi{y u )\\ 2 B p duj 



8/2-1 
8/2 



< c |t — s 

< c \t — s i 

and consequently, with the notations of Lemma 17.1 



|Stu/i(y«)|| 



(56) 



< 



< 




\\(Sy) 



vu\\B* 



1/9 



0<u<v<l 



U 



79+2 



dudv 



u 



8(|-7)-2 



dwdu ) 



\ 1/9 



< 00 



'0<M<t)<l 

by picking q > 1/(| — 7). Together with the result of Lemma 17.11 this yields y G 
C7([0,l];£y a.s. 

As far as K y is concerned, we already know that 5K y = X x ' l 5(fi(y)), which leads to 
5K y G ([0,1]; Bp) a.s. Then, from the expression K\ s = f* S tu dx' l u 5(fi(y)) us , we 



\K, 



y i|9 
ts\\B v 



< c\t — s\ q , and accordingly, thanks to Lemma 17.1 [ 



deduce, as in ( 156|) . E 
K y G C 2 27 ([0,l];i3 p ) a.s. 

Finally, for J y , we first lean on the decomposition ( 13T|) of 5J y to assert that 5J y G 
C3 +7? ([0, 1]; Bp) a.s. Then we appeal to the expression of J y we have exhibited in the 
proof of Proposition 12. 8[ namely Jf s = f* S tu dx l u M l us where M l is given by (|24|) . to 



show that E 



y i|9 

ts\\B v 



< c\t — S 



. Together with Lemma \7. 1\ those results clearly 
provide the expected regularity, ie J y G C 2 ([0, l]i ^p) a - s ' w ith /i = 7 + 77 > 1. 
The control of the regularity of J y as a process with values in B VtP stems from the same 
reasoning. Indeed, we first deduce from ( 130]) that 5J y G ([0, 1]; B VtP ) a.s, since for 
instance \\X^ fi(y u )\\ Brip < c xJtV \t - m| 7 and 

\\X^(6x% s F tJ (y s )\\B v , P < c, \t - sf*-^ ||^(^)|| Bl/2 „ < c xJ , y \t - s\\ 
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We can then write J y as Jf s 



f s S^dxiSifiiy))^ - X^Eijiy,,) to easily obtain 



E 



I T y 



tsWBj, 



< c xJ , y \t - s\ q/2 , hence .P G C 2 7 ([0, 1]; B w ) a.s. 



□ 
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